One-loop counterterms are computed in first order formalism for the Einstein-Hilbert action using the background field method and the heat kernel technique. The obtained result coincides with the result found by 't Hooft and Veltman in second order formalism.
Introduction
It is well-known that when considering the Palatini version of the Einstein-Hilbert action, that is, the first order formalism at the classical level (i.e. the metric and the connection are treated independently), the connection is required to be the Levi-Civita one once the equations of motion are imposed. However, when more general quadratic in curvature metric-affine actions are considered in first order, this relationship disappears even on shell, hence allowing for more general connections. That is, the equations of motion do not force the connection to be the Levi-Civita one. This is of particular interest because when analyzing quadratic theories in first order formalism, there are no propagators decaying faster than 1 p 2 (in second order formalism they do fall down faster), indicating that there is still room for the theory to be unitary. Quadratic theories of gravity are renormalizable as opposed to General Relativity (cf. [1] for a general review of quantum gravity and some approaches to the problem), so the study of this kind of theories in first order formalism could give rise to a unitary and renormalizable theory of gravity [2] . In this context, the computation to one-loop order for the Einstein-Hilbert case in first order formalism paves the way for future studies of more complex theories.
The aim of this work is to compute the quantum corrections to the gravitational action to first order in the coupling constant, κ. This was first done in a classic paper by 't Hooft and Veltman in 1973 [3] , as a byproduct of their analysis of one-loop amplitudes in non-abelian gauge theories. In first order formalism, where the fields g µν and Γ λ αβ are independent, the same problem was studied by Buchbinder and Shapiro [4] . More recently, first order formalism has been also studied for the Einstein-Hilbert action in [5, 6] .
We consider the Einstein-Hilbert action
where κ 2 " 8πG, and we assume that the speed of light c " 1. Throughout this work we follow the Landau-Lifshitz spacelike conventions, in particular
we define the Ricci tensor as
and the commutator with our conventions is
The structure of this paper is as follows. In section 2, we expand the metric and the connection as their background value and a perturbation. After that, section 3 is devoted to the computation of the operator which determines the counterterm and to the calculation of its heat kernel coefficient from which the counterterm is read. We have also analyzed in the same way the counterterm coming from the ghost action. Finally some conclusions are left for section 4.
2 Background field expansion
An essential tool for this analysis is the background field technique, first introduced by deWitt [7] . Let us analyze the first order Einstein-Hilbert action, in which the metric and the connection are independent and are expanded in a background field and a perturbation
where indices are raised with the background metric, and the quantities computed with respect to this metric have a bar. To take into account the one-loop effects it is enough to expand the action up to quadratic order in the perturbations so that
The linear terms cancel due to the background equations of motion
After background field expansion the action reads
where
Computation of the counterterms
From the path integral, the contribution to the effective action reads
and using the background expansion (6)
the symbol N indicate that the derivative plays over right side, we can complete the square like
then integral over DA yielding
where we define
so that for this calculation we need the inverse of K γǫ αβ τ λ , which reads
and finally
Before continuing, one may ask why is it the case that we can invert the operator K without fixing a gauge and thus not taking care of the zero mode. To understand that, we have done an exhaustive study of the gauge symmetry of the whole action in Appendix (B).
Moreover, it is easy to check that the action is invariant under the gauge symmetry
so that we need to introduce a gauge fixing term, and we can use this freedom to fix it in a way that simplifies the computation.
The gauge fixing term will be
where the function characterizing the harmonic gauge is
and in the minimal gauge, corresponding to ξ " 1
The explicit calculation of Y µνρσ can be found in Appendix (A)
As we can see, it all reduces to the computation of the determinant of the operator ∆. In this case, we can use the usual heat kernel technique. The small proper time expansion of Schwinger and DeWitt [7] given by a Taylor series leads to
where the a p are the short time expansion heat kernel coefficients which characterize the operator whose determinant is to be computed. For n " 4, the divergent piece of the determinant is given by
The short time expansion coefficients can be found in the literature for such quadratic minimal operators [8] , if the operator is
in our case Y " P´1 6 s R I and finally tr a 2 px, xq " tr
and the field strength is defined through
which it is antisymmetric αβ Ø ρσ
Therefore, in order to find the explicit value of the counterterm we will need a few traces,
Using the known expression (29) of the second heat kernel coefficient tr a 2 px, xq " 1 360
and finally, in n " 4 dimensions, we obtain tr a 2 px, xq| n"4 "
where we have used the well-known Gauss-Bonnet identity
which is true in four-dimensional space only. The contribution coming from the ghost loops is also needed. The gauge fixing term mantains background invariance, under which the backgroundḡ µν transforms as a metric and the fluctuation h µν as a tensor. On the other hand, it has to break the quantum symmetry δs g µν " 0
The ghost Lagrangian is obtained performing a variation on the gauge fixing term
plus terms that give operators cubic in the fluctuations and therefore are irrelevant at one loop (the ghosts being quantum fields do not appear as external states). The ghost Lagrangian then reads
and the relevant traces are
where by (39)
and the heat kernel coefficient (29), coming from the ghost action is tr a gh 2 px, xq " 1 360
This yields in n " 4 dimensions tr a gh 2 px, xqˇˇn
where we use (36) again. Adding the two pieces (35) and (43), the one-loop counterterm is obtained (note the factor and the sign of the ghost contribution)
This result is at variance with the one obtained in [4] .
Conclusions
We have analyzed the Einstein-Hilbert action in first order formalism and we have computed the one-loop divergences, using the background field and heat kernel techniques. Our result for the counterterms matches exactly the one obtained by 't Hooft and Veltman [3] in second order formalism when using the same field parametrizations and the same gauge fixing. It can also be checked that the counterterms obtained are zero on shell, so that pure gravity is renormalizable to one loop level.
Besides, it is well known that at the classical level first order and second order formalisms coincide as it was seen by Palatini. Here we conclude that the one loop corrections for the Einstein-Hilbert action are also equivalent in both formalisms even off-shell, that is, before imposing the background equations of motion.
A Operator ∆ µνρσ
We have
Now we take the gauge fixing
which after expanding can be expressed in the form
where we use the commutator (4) and finally with ξ " 1
and
B Gauge invariance of Einstein-Hilbert action
In this appendix we study the total gauge invariance of the Einstein-Hilbert action
where the gauge transformations for the total fields are
Also we have that the Bianchi identity in first order formalism particularized for the background field reads
After using the background expansion (6), the variations for the quantum fields are
The gauge invariance of the total action to one-loop order can be written as
The linear terms in the total variation, which are proportional to the background equations of motion, have to be considered because the variation of the quantum fields have a piece linear in them, which gives a contribution to one-loop order. We know that h and A are independent fields and therefore we obtain two equations
From (59) we can see that the gauge invariance of the whole action does not imply that K has a zero mode. It could be the case that both N and K have a zero mode, but in this case we are going to show that when doing background gauge transformations, it is the sum of both terms what cancels, and hence, we can invert K without introducing a gauge fixing term, as we did in the computation of the counterterm.
Expanding the relation (58) proportional to h µν we have
the first term is obviously
and 
If we use (4), we arrive at the result that K αβ γǫ λ τ δA τ γǫ´N αβ λ γǫ δh γǫ " 0. As we have already mentioned, both terms compensate and we do not have a zero mode for K.
